Extremal partitions of domains into configurations of certain topological form are studied. The extremal value of the weighted sum of reduced moduli of circular domains and digons is obtained. These results are applied to some problems about distortion under bounded conformal maps of the unit disk with two preassigned values.
Introduction
We start with the problem of extremal partition associated with certain quadratic differentials in the unit disk. These differentials are allowed to have poles of second order. The problem of finding the extremal value of a weighted sum of the reduced moduli of simply connected domains of the partition is studied in Section 2. We also are concerned with the reduced moduli of digons. Then we apply these results to the problems about distortion under bounded conformal maps of the unit disk with two preassigned values.
Denote by U .M/ the disk {z : |z| < M} in the complex plane , U .1/ =: U . We 
where k Â is the usual Koebe function k Â .z/ = z.1 + ze i Â / −2 .
From [10] it follows that if f ∈ Å M .!/, then
The equality sign is attained by the function K 1 for the right-hand inequality and by the function K 2 for the left-hand inequality. It is not difficult to obtain the analogous estimates for | f .!/|:
with the same extremal functions. Thus, the range Å f of the system of functionals .| f .0/|; | f .!/|/ lies within the rectangle defined by the inequalities (1) and (2). In the class Å.!/ this problem has been considered in [1] . Section 3, following the preliminaries in Section 2, is devoted to description of the sharp boundary curve of this range. 
2.2.
We start with the problem of the extremal partition of the complex plane. Let S 0 = \ {0; 1} be the punctured Riemann sphere. We consider on S 0 a pair . 1 ; 2 / of curves, where 1 = {w : |w| = 1="} and 2 = {w : |w| = "}. Here " is sufficiently small and such that 1 belongs to the doubly connected domain between 1 and 2 on . Let be the set of all pairs .D 1 ; D 2 / consisting of circular domains of homotopy type . 1 ; 2 /. This means that the boundary @ D j is freely homotopic to j on S 0 . Then the problem of extremal partition of S 0 reduces to the problem of finding the maximum of the sum
where .D 1 ; D 2 / ∈ . Without loss of generality assume Þ 1 = 1, Þ 2 = Þ, Þ ∈ [0; ∞/ and denote by M.Þ/ the maximum of the sum in (3) . From [3, 8] 
Here PROOF. We consider the conformal map u = u.z/ whose inverse is
Consequently, we obtain the representation of the differential ' in terms of the parameter u in regular points
We study the trajectory structure of the above quadratic differential. The differential 8) or in terms of the parameter z
Taking a limit in (9) either as z → ∞ (if j = 1) or as z → 0 (if j = 2), we obtain A = 1=4³ 2 and c = Þ 2 . To calculate the reduced moduli we consider foremost the case Þ < 1. The part [³=2 + Ž; ³] of the orthogonal trajectory of the differential Q.u/du 2 for a sufficiently small Ž has a preimage [" 1 ; c] under the map u.z/. From (6) we derive
Then the conformal radius of D * 2 can be calculated as R.D * 2 ; 0/ = 1=| A 1 |. Using (7) we have
where we choose after the logarithm (+) if .tan.u=2/ − tan.Â 1 =2//=.tan.u=2/ + tan.Â 1 =2// > 0 and (−) otherwise. Moreover, tan.
We fix a branch of the root in the left-hand side of (11) choosing (−) after the equality sign. Integrating (8) along relevant segments . j = 2/ we obtain
and finally using (10) we have
As Þ < 1, the last equality is equivalent to (4) in the statement of the theorem.
Let us consider the case Þ > 1. For the segment [0; ³=2 − Ž] in a u-plane, there is a preimage [" 1 ; 1] in a z-plane and, consequently, a preimage ["; 1] in a -plane. Integrating (8) along these segments we obtain
and finally, since Ž = .c − 1/=2c" 1 + O." 
Fixing the branch of the root in (12) with (+) after the equality sign and integrating (8) along the chosen segments we have
and finally using (12) we obtain
Since Þ < 1, the last equality is equivalent to (4) in the statement of the theorem. 
This is equivalent to (4) in the statement of the theorem. This completes the proof. Similar calculation can also be found in [1] . Now we consider another modulus problem which is connected with the previous one. Let S 0 = \ {0; c; 1} be a punctured Riemann sphere, c ∈ .0; 1/. We consider a pair of curves . 1 ; 2 / on S 0 , where 1 = {w : |w| = 1="} and 2 = {w : |w| = "}.
Here " is sufficiently small and such that c and 1 belong to the doubly connected domain between 1 and 2 on . Let be the set of all pairs .B 1 ; B 2 / consisting of circular domains of homotopy type . 1 ; 2 /. Then the problem of the extremal partition of S 0 reduces to the problem of finding the maximum of the sum 
Let U w = U .M/ \{0; !} be the punctured disk of radius M. We consider on U w the system of curves . 
Here (*) denotes extremality of a domain.
2.4.
We are concerned with a notion which appeared rather recently in [2, 9, 13] and nowadays is used for extremal problems for conformal maps (see, for example, [2, 11, 13, 17] ). It is called the reduced modulus of a digon. We define the reduced moduli of digons following Emel'yanov [2] , Kuz'mina [9] , and Solynin [13] .
Let D be a hyperbolic simply connected domain from with two finite fixed boundary points a, b (maybe with the same support) on its boundary @ D. We call it a digon. Let S.a; "/ be a connected component of D ∩ {|z − a| < "}, such that a ∈ @ S.a; "/. We denote by D " the domain D \ {S.a; " 1 / ∪ S.b; " 2 /} for sufficiently small " j , j = 1; 2. Let M.D " / be a modulus of the family of arcs in D " joining the boundary arcs of S.a; " 1 / and S.b; " 2 / that lie in the circumferences |z − a| = " 1 and |z − b| = " 2 (we choose a single arc in each circle so that both arcs can be connected in D " ). If the limit m.D; a; b/ = lim
exists, where ' a = sup 
The uniqueness of the extremal configuration G.U z / leads to the uniqueness of the extremal map.
We define now the curve 0 + . For this we need the following technical lemma. 
